Abstract. The present paper extends a result of Trotter concerning the product of c0 semigroups. We show that the product of two commuting semigroups of class A is again a semigroup of class A and that its generator is the sum (or its closure) of the generators of the factor semigroups. This provides a partial answer in the affirmative to a question of Hille and Phillips concerning the sum of unbounded operators [3, p. 417]. Sufficient conditions are also given in terms of the generators and their domains so that the semigroups commute.
1. Introduction. Let Tt and T[ he one parameter semigroups of bounded linear operators on a Banach space. Trotter [4] showed that if Tr T[ are of class c0 with respective generators A, A' and if Tt and T's commute for all positive t and s, then the product Sa(t) -TtTal, a > 0, is again a c0 semigroup whose generator is the closure of A + aA'. This result was further generalized by dropping the assumption of commutativity [1, 2, 4] .
The purpose of the present paper is to consider the product in a more general class of semigroups, namely those of class A. Assuming commutativity we extend the above result of Trotter. This also provides an answer in the affirmative to a special case of the question raised in [3, p. 417] . It is well known that the answer to this question in the general case is in the negative [2, 4] . In Theorem 3 we give sufficient (but not necessary) conditions for commutativity of the semigroups in terms of the generators and their domains.
2. Preliminaries. Let A be a complex Banach space and L( X) the Banach algebra of all bounded linear operators on X. For a linear operator A from X to itself we let D(A) denote the domain of A, p(A) the resolvent set of A and R(A; A) the resolvent operator of A. If A is closed, then R(A; A) G L(X) for every A in p(A). A semigroup of bounded linear operators on A is a mapping from the positive real numbers to the space L( X) that satisfies the semigroup property: Tl+S -T,TS, t, s > 0.
In what follows we assume that the semigroups are strongly continuous for t > 0. The infinitesimal operator of Tt is defined by (1) A0x -s-Lim h~l(Thx -x).
A0 is a linear operator from X to itself, and its domain consists of all those elements x in X for which the limit exists in the strong sense. The range of Tt, denoted by A0, is the subspace A0= U {T,X:t>0}.
The type of Tt is denoted by u0, where u>0 = Lim^^r"1 loglir, H. T, is a c0 semigroup if it is strongly continuous at 0. In this case A0 is closed and its domain is dense in X.
In the absence of continuity at the origin, semigroups of class A may be introduced as follows [3] :
Definition. A strongly continuous semigroup Tt, t > 0, is said to be of class A if the following conditions are satisfied:
(i) A0 is dense in X. 
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Finally to simplify formulas, T, may be replaced by an equivalent semigroup for which to0 < w, < 0. This we assume throughout the paper.
3. The product semigroup. The connection between the semigroup of operators {Tt : t > 0} and the resolvent operators {R(A; A) : Re X > to,} leads one to expect that commutativity ought to be shared by both families. The following theorem shows that this is indeed the case. As A0 is dense and the operators are bounded, we get A(A; A)S -SR(X; A).
Conversely, suppose R(A; A)S = SR(X; A) for all sufficiently large real A. By analyticity in A, this relation holds also in the half-plane ReA>w,. Also SR2(X; A) = R2(A; A)S, so S maps D(A2) into itself. Therefore, by virtue of the Laplace inversion formula (2) for Tt on D(A2), we get TtSx -ST,x for all x in D(A2). Since the latter domain is dense, it follows that S and T, commute.
It is clear that the product S(t) = T,T't, t > 0, is a strongly continuous semigroup. As noted earlier, this is not continuous at 0 unless the factor semigroups are of class c0. It turns out that in the case of semigroups of class A (Lemma 2), the continuity set of S(t), that is, the set of all x in A for which S(t)x '-x as t -* 0, is dense in X.
Remark. Under the hypotheses of Theorem 1, we have (1) follows readily by Lemma 1, formula (1) and the fact that A is the closure of A0.
Similarly, (2) can be easily verified using the facts that D(A) and D(A') are dense, and R(A; A) and R(A; A') commute. where max(w, w') < y < 0 (w and w' being the types of Tt and T't respectively), Re A > 0 and o > 0. To see that the right side of (4) It follows from this and (5) that (6) \\J(\)x\\<M-\\xl\ for all Re A > 0, x G RÍA2).
Since R(K2) is dense in X, J(X) has a unique bounded extension to all of X which we again denote by J(X). To complete the proof of (ii)(a) let x G X0 (the range of 5(/)); then there exists y in X and s > 0 such that x = S(s)y. Let (y") be a sequence in R(KX) which converges to y. Since S(t) commutes with A,2, S(t)y" is in R(A2)
for all «; therefore by (3), /■OO , J(X)S(s)yn=f -ex'S(t + s)yndt.
As ||S(f + i)ll is bounded for all t > 0 we can take the limit as « -* oo, thus obtaining (ii)(a). It is also clear that (ii)(b) follows from (6). To prove (ii)(c) we note first that since (6) we obtain (7) ||XJ(X)||<c for all positive A.
Next, since Tt and T¡ are of negative type, S(t) is also of negative type. Hence 115(011 is bounded in each interval t^k, k > 0. Furthermore, for each x in the continuity set Cof S(t), \\S(t)x\\ is uniformly continuous in each interval 0 =s t < k, and therefore for all t, since 115(011 is bounded for t > k. To finish the proof of (ii)(c), let x G C and choose S > 0 (5 depends on x) such that for all t, ||5(f + s)x -S(t)x\\ < e wheneverO < s < 8, but Hxll < sup,>0||5(0x||,x e C, hence ||A/(A)x -x\\< supxl /"V *{S(f + s)x -5(0*} ds .
,>0 'I Jo Splitting the interval of integration into (0, S) and (5, oo) and taking the limit as A -oo, we see that XJ(X)x -» x. Since C is dense, it follows in view of (7) and the Banach-Steinhaus theorem that this limit actually holds for all x in X.
Second It is possible to give sufficient conditions in terms of the generators and their domains so that the semigroups commute, hence the conclusion of Theorem 2 holds. 
